The effect of hydrostatic pressure on solid and hollow microsphere optical resonators was investigated. The primary goal was to explore the feasibility of a micro-optical pressure sensor based on whispering gallery modes (WGMs) and to quantify the deleterious effect of environmental pressure changes on other WGM-based sensors. Expressions were developed for WGM shifts due to changes in hydrostatic pressure of the environment surrounding the spherical resonators. These expressions were validated through experiments in which the pressure-induced WGM shifts of hollow polymethyl methacrylate microspheres were monitored. The effect of atmospheric pressure variations on silica resonators is negligible, but hydrostatic pressure may be effective in the optical tuning of hollow polymer spheres.
INTRODUCTION
Microcavity optical resonators have been investigated intensively in recent years for possible applications in communication (switching, filtering, and multiplexing) and sensor technologies [1] . One of the resonator shapes considered for both switching and sensing applications is the sphere. Very high Q-factor whispering gallery modes (WGMs) can be achieved by side coupling of light (for example by using a silica substrate waveguide or tapered optical fiber) into the spherical resonator [2, 3] . Temperature and mechanical strain tuning of the WGMs of dielectric spheres was achieved in [4, 5] , which demonstrated their potential for switching applications. Several WGMbased microsphere sensor concepts have also been considered for biological and chemical applications, including those for protein detection [6] [7] [8] , trace gas detection [9] , liquid impurity detection [10] , and temperature sensing [11] . In the mechanical sensing area, prototype WGMbased accelerometers [12] and force sensors [13] have been developed and demonstrated in the past few years. In the latter, the prototype WGM force sensors were built using solid silica as well as solid and hollow polymethyl methacrylate (PMMA) spheres with diameters in the ranges of ϳ200 and 900 m. With the hollow PMMA spheres, force resolution of ϳ10 −5 N was achieved. In this paper, we investigate another possible mechanism, namely hydrostatic pressure, for optical tuning. Pressure changes in the liquid or gas medium surrounding a dielectric microsphere can induce shifts in its WGMs due to strain (as well as stress) experienced by the dielectric sphere. Such pressure-induced shifts could possibly be exploited to develop a micro-optical pressure sensor or pressure-driven optical switches. On the other hand, WGM shifts due to atmospheric pressure fluctuations can have deleterious effect in other sensor applications.
In the ray optics interpretation, the resonance condition is met when the laser light that is side coupled into a dielectric sphere circles the interior of the sphere through multiples of total internal reflections and returns in phase. Thus, the approximate condition for resonance (WGM) is
where is the vacuum wavelength of light; n and a are the refractive index and radius of sphere, respectively; and l is an integer indicating the circumferential mode number. Equation (1) is a first-order approximation and holds for l ӷ 1. A fractional change in both the index of refraction and the radius will induce a shift in the WGM:
Variations in the hydrostatic pressure surrounding the sphere will cause changes in both the sphere radius and index of refraction (due to mechanical stress), inducing a WGM shift. In the following, we derive analytical expressions for WGM shifts caused by hydrostatic pressure variations, taking into account both strain ͑da / a͒ and stress ͑dn / n͒ effects. These expressions are then validated experimentally with a hollow PMMA sphere.
ANALYSIS A. Evaluation of Stress and Strain in a Sphere
We consider a hollow microsphere resonator with outer and inner diameters of a and b, respectively. The sphere geometry and the coordinates used are shown in Fig. 1 . The microsphere is subjected to external pressure P 0 . Owing to the spherical symmetry of the geometry and the imposed stress distribution, the shear stress and the shear strain distributions are both zero inside the sphere. Of the three components of displacement, only the radial one is nonzero. Under these conditions, the elasticity equation [14] in the spherical coordinates can be solved to yield the following distributions of the principal stresses in the radial, r, tangential, , and polar, , directions:
Similarly, the radial displacement u of any point r inside sphere is obtained as
͑5͒
Here, G and are the shear modulus and the Poisson ratio of the sphere material, respectively. Equations (3)- (5) are functions of not only the external pressure, P 0 , but also the inner pressure, P i . The deformation caused by P 0 results in a perturbation of the inner volume of the hollow sphere and hence a change in P i . The inner pressure can be found by using the definition of compressibility of a gas under hydrostatic pressure:
where k is the compressibility of the gas inside the sphere. On the other hand, from Eq. (5), the displacement of the inner surface is
Combining Eqs. (6) and (7), we obtain the inner pressure as a function of the applied external pressure as follows:
Finally, inserting Eq. (8) into (5) and evaluating at r = a, we can express the strain term ͑da / a͒ in Eq. (2) as a function of P 0 as
In order to find a similar expression for the stress effect term ͑dn / n͒ in Eq. (2), we combine Eqs. (3) and (4) 
B. Whispering Gallery Mode Shifts Due to Pressure
The change of refractive index with the applied mechanical stress is given by the Neumann-Maxwell equation [15] as
Here n r , n , n are the refractive indices in the direction of the three principle stresses and n 0r , n 0 , n 0 are those values for the unstressed material. C 1 and C 2 are the elasto-optical constants.
In the case of PMMA, the two elasto-optical constants are equal with a value C 1 = C 2 = C = −10 −11 m 2 /N [16] . Thus, for a PMMA spherical resonator, the fractional change in the refractive index due to mechanical stress is dn n = n r − n 0r
͑13͒
Inserting the appropriate expressions for the three principle stresses given in Eqs. (10) and (11) 
͑14͒
Adding Eq. (9)- (14), we finally obtain the dependence of the WGM shift on external pressure, P 0 , for a PMMA spherical resonator as follows: 
͑15͒
Equation (15) can be simplified if the effect of P i is ignored. By doing so (that is, ignoring changes in P i as the external pressure is varied), Eq. (15) reduces to the following form: 
The relative error in using Eq. (16) in place of Eq. (15) is presented in Fig. 2 as a function of the radius ratio, b / a. The figure shows that, with the exception radius ratios b / a Ϸ 1, Eq. (16) can be used to accurately estimate WGM shifts with external pressure. However, if the sphere is a thin-walled shell, the inner wall displacement is considerable, resulting in significant changes in P i . In the case of silica, the elasto-optical constants C 1 and C 2 are distinct (C 1 = −4.22ϫ 10 −12 and C 2 = −0.65 ϫ 10 −12 m 2 /N) [17] , and hence Eqs. (13)- (15) are not appropriate. For a solid ͑b / a =0͒ silica microsphere resonator, Eq. (15) becomes
The WGM wavelength shifts with hydrostatic pressure for solid silica and PMMA resonators are presented in Fig. 3 . The contribution of refractive index change to the WGM shifts is shown as well. In both cases, increasing hydrostatic pressures result in smaller WGM wavelengths. However, strain and stress effects on WGM shift are opposite since increasing pressures lead to smaller sphere radii and larger refractive indices.
C. Pressure Resolution
The pressure resolution, ␦P 0 , is related to the WGM quality factor, Q = ͑ /d͒. From Eq. (15), the pressure resolution for PMMA can be estimated by
The dependence of ␦P 0 on sphere radius ratio, b / a, for PMMA resonators with a quality factor of Q = 10 8 is presented in Fig. 4 . The influence of dn / n on pressure resolution is also indicated in the figure. For thin-walled spheres, the effect of dn / n is smaller, and reasonable pressure resolutions are obtained.
EXPERIMENTS A. Experimental Setup
A schematic of the experimental setup is shown in Fig. 5 . The output of a distributed feedback laser diode (with a nominal wavelength of ϳ1312 nm) was coupled into a single-mode optical fiber. Approximately 90% of the light intensity was used to interrogate the WGM of the sensor, while the remaining 10% was used as a reference signal. A section of the fiber was heated and stretched such that a taper is created with a minimum diameter of ϳ10 m. The microsphere was brought close to the stretched fiber section using a translation stage to allow optical coupling between the microsphere and the fiber. The microsphere was manufactured using the same procedure as in our earlier force sensor studies [13] . The distributed feedback laser was current tuned using a laser controller while its temperature was kept constant. The laser controller, in turn, was driven by a function generator that provided a sawtooth input to the controller. The output ends of the signal and reference optical fibers were coupled to photodiodes (PD). The PD outputs as well as the function generator output were sampled using an analog-digital converter that was part of a personal computer (PC). The reference PD output was used to normalize the transmission spectrum from the sensor fiber. The PC performed the scanning, data acquisition, and analysis, which included the identification and monitoring of the shifts in the optical resonances (WGM).
B. Results
As shown in Fig. 6 , the microsphere was placed in a sealed chamber for the measurements. The chamber was filled with argon gas, and the pressure of the chamber was monitored by a digital manometer with measurement uncertainty of ϳ10 Pa. As the gauge pressure was gradu- ally increased inside the test chamber, the resonance shift was recorded and analyzed on the PC. The gas temperature was monitored by a thermocouple, ensuring that the temperature was kept constant throughout the experiment. The laser diode was scanned at a frequency of 10 Hz. The radius of the hollow PMMA microsphere used for the measurements was ϳ500 m with a radius ratio of 0.95. The experimental result and comparison with the analytical expression are shown in Fig. 7 . The agreement between the experimentally obtained WGM shifts and those predicted by Eq. (15) is quite good. Note that the resolution in the WGM shift measurements was limited by the Q value for the particular experiment (which was about 10 6 ).
CONCLUSIONS
Hydrostatic pressure tuning characteristics of microsphere resonators was investigated analytically and experimentally. Expressions were developed for WGM optical resonance shifts due to changes in the pressure surrounding the spherical resonators. Experiments were carried out with a hollow PMMA microsphere, and the results agree well with the analytical expression developed for PMMA resonators. Changes in the external pressure cause strain as well as and mechanical stress on the sphere, and both contribute to the WGM shifts. However, the strain effect dominates and higher pressures lead to shorter WGM wavelengths. For solid silica resonators, the effect of atmospheric pressure variations on WGMs is essentially negligible and unlikely to be a hindrance to other sensor applications. But WGM pressure sensors based on hollow polymer microspheres may be feasible. The sensitivity of these sensors can be improved by using polymers with lower stiffness values and spheres with smaller wall thicknesses.
